We address renormalisation group evolution issues that arise in the Anomaly Mediated Supersymmetry Breaking scenario when the tachyonic slepton problem is resolved by FayetIliopoulos term contributions. We present typical sparticle spectra both for the original formulation of this idea and an alternative using Fayet-Iliopoulos terms for a U 1 compatible with a straightforward GUT embedding.
Introduction
Anomaly mediation (AM) [1] - [24] as the main source of supersymmetry breaking is an attractive idea. In AM, the soft supersymmetry-breaking φ * φ masses, φ 3 couplings and gaugino masses are all determined by the appropriate power of the gravitino mass multiplied by perturbatively calculable functions of the dimensionless couplings of the underlying supersymmetric theory. Moreover these functions are RG invariant; that is, their renormalisation scale dependence is correctly given by the renormalisation scale dependence of the dimensionless couplings. To put it another way, the AM predictions are UV-insensitive [18] .
In recent papers we have explored a specific version of AM, where the tachyonic slepton problem characteristic of a minimal implementation of AM is solved by means of an additional U 1 gauge symmetry, U ′ 1 , that is broken at high energies. The scale of this breaking may be set by a Fayet-Iliopoulos (FI) D-term [23] or via dimensional transmutation [24] . In the former case we showed how it is quite natural for the effects of U ′ 1 to decouple at low energies apart from contributions to the scalar masses, of the form of U ′ 1 FI terms, which are automatically of the same order as the AM ones. In the latter we argued that it was possible to dispense with an explicit FI term, generating the U ′ 1 breaking scale via dimensional transmutation, exploiting a flat D-term direction. In our explicit model, the low energy theory consisted of the usual MSSM fields with an additional gauge singlet chiral supermultiplet which is weakly coupled to the MSSM fields 1 ; the possible cosmological and phenomenological implications (in particular the possibility that its fermionic component might be the LSP) remain to be discussed. In this paper we will confine ourselves to the first possibility, where the low energy theory simply consists of the MSSM fields.
In both the above scenarios, there is, however, a subtlety with regard to the afore-mentioned RG invariance, concerning the Fayet-Iliopoulos term associated with the SM (or MSSM) U 1 , U SM
1
. Suppose for simplicity the U ′ 1 breaking scale coincides with the gauge unification scale M X , and that the U SM 1 FI term is zero there. It turns out that the presence of the U ′ 1 FI terms in the effective field theory means that even though it is zero at M X , the U SM 1 FI term can become significant in the evolution to low energies. Thus there will be contributions of FI form for both the U ′ 1 and the U SM 1 to the scalar masses. Now as emphasised in Ref. [20] , these two contributions can be reparametrised into a contribution of the form of a single U ′′ 1 FI-term. It should now be clear, however, that the resulting form of this contribution will be a function of scale since the size of the U SM 1 FI term generated is a function of scale.
The upshot is that if we choose a U ′ 1 with charges for the lepton doublets and singlets chosen so as to solve the tachyonic slepton problem, and also zero FI term for U SM 1 at M X , the resulting spectrum will correspond to a nonzero FI term for U SM 1 at M Z , or a zero FI term for U SM 1 at M Z with a different pair of U ′ 1 leptonic charges. In this paper we shall firstly explain this issue in some detail and then repeat some of the precision calculations of Ref. [23] but now imposing boundary conditions at M X , and taking the opportunity to update input values and correct some minor bugs in our previous analysis.
In the second part of the paper we consider a variation of the same idea where we augment 1 The existence of this light field is in fact a consequence of general arguments concerning AM decoupling given by Pomarol and Rattazzi [3] . the theory in a minimal way so as to render the U ′ 1 charge assignments compatible with a GUT embedding; specifically SU 5 , SO 10 or E 6 . Even with the assumption that the low energy theory below M X consists only of the MSSM fields, the resulting allowed region for the leptonic charges and the sparticle spectrum is quite different from the previous case.
We also derive some mass sum rules independent of the U ′ 1 charges for this case, similar to the sum rules given in Refs. [17, 23] .
The General Case
First of all, for completeness and to establish notation, let us recapitulate some standard results. We take an N = 1 supersymmetric gauge theory with gauge group Π α G α and with superpotential
We also include the standard soft supersymmetry-breaking terms
where
For the moment let us assume that the gauge group has one abelian factor, which we shall take to be G 1 . We shall denote the hypercharge matrix for G 1 by Y i j = Y j δ i j and its gauge coupling by g 1 .
At one loop we have
Here β gα are the gauge β-functions and γ is the chiral supermultiplet anomalous dimension, R α is the group representation for G α acting on the chiral fields, C(R α ) the corresponding quadratic Casimir and
The one-loop β-functions for the soft-breaking couplings are given by
with 
This extra contribution is only nonvanishing in a theory whose gauge group has an abelian factor. It can be equivalently viewed as a renormalisation of the Fayet-Iliopoulos parameter, as we shall now describe.
In N = 1 supersymmetric gauge theories whose gauge group has an abelian factor, there exists a possible invariant that is not otherwise allowed: the Fayet-Iliopoulos D-term,
The significance of the ξ term is of course well known. The part of the scalar potential dependent on the U 1 D-field is
which upon elimination of the auxiliary field D becomes
so that to obtain a supersymmetric ground state we require at least one field φ i to have a charge with the opposite sign to ξ, and to develop a vacuum expectation value. Thus for supersymmetry to be unbroken on the scale set by ξ it is necessarily the case that the corresponding U 1 is spontaneously broken. In Ref. [23] we showed that in the presence of anomaly mediation soft supersymmetry-breaking terms it is quite natural for the U 1 symmetry to be broken at a large scale characterised by ξ while all scalars receive, from the U 1 D-term, (mass) 2 contributions characterised by the gravitino (or anomaly mediation) mass.
In previous papers [25] - [27] we have discussed the renormalisation of ξ in the presence of the soft terms. The result for β ξ is as follows:
whereβ ξ is determined by V -tadpole (or in components D-tadpole) graphs, and is independent of ξ.
We found that 16π
16π
The three-loop contribution was computed in Ref. [26] for an abelian theory and for the MSSM in Ref. [27] .
The AM Solution
Remarkably the following results are RG invariant [8] :
Here β Y is the Yukawa β-function, given by
with a similar expression for β ij µ . It must be emphasised that the RG invariance of Eq. (16c) holds in the D-uneliminated theory. That is to say, given Eq. (16a)-(16d) it follows that
where in Eq. (18), β m 2 does not include D-tadpole contributions (that is, at one loop it is given by Eq. (6c)); the renormalisation of these is dealt with separately by β ξ , as described in the last section.
Note the arbitrary parameter κ in Eq. (16d); its presence means that we can, in the MSSM, follow the usual procedure whereby the Higgs B-parameter is determined (along with the µ-term) by the electroweak minimisation. How natural is this procedure is an obvious question, to which we will return later.
The approach to the AM tachyonic slepton problem that we will follow is based on the fact that RG invariance is preserved if we replace (m 2 ) i j in Eq. (16c) by
where k ′ is a constant and Y ′ is a matrix satisfying corresponds to L = −1/2 and e = 1.
and
in other words Y ′ is a hypercharge matrix corresponding to a U 1 symmetry (which we shall denote U ′ 1 ) with no mixed anomalies with the SM gauge group. This U ′ 1 may in general be gauged, or a global symmetry.
The MSSM (including right-handed neutrinos) admits two independent generation-blind anomaly-free U 1 symmetries. The possible charge assignments are shown in Table 1 .
Of course the k ′ Y ′ term in Eq. (19) corresponds in form to a FI D-term; we shall assume that in fact the associated U ′ 1 gauge symmetry is broken at high energy and that the above contributions to the scalar masses are the only relic of this breaking that survive in the low energy effective field theory. That this is a perfectly natural scenario was demonstrated in Ref. [23] . Now let us consider a possible FI term ξD associated with the SM (or MSSM) U 1 , U SM
1
. Here ξ is an independent parameter respecting all the symmetries of the MSSM; in the vast majority of analyses using, for example, CMSSM boundary conditions at gauge unification, it is assumed to be zero there. (For an exception, in which ξ is treated as an extra independent parameter at low energy, see Ref.
[?]). Working in the D-eliminated formalism, the effect of radiative generation of an FI term as we run down to low scales is then automatically taken care of by the term added in Eq. (9) (and corresponding terms at higher loops). If, on the other hand we work with the D-uneliminated formalism then obviously if we assume ξ is zero at gauge unification then it is calculable at low energies using β ξ from Eqs. (14, 15) . The resulting additional contributions to the masses from Eq. (12) will of course lead to precisely the same results for the masses as obtained directly from the running of the masses using the D-eliminated formalism.
How large the radiatively generated ξ is depends on the boundary conditions we assume for the scalar masses at gauge unification. Let us consider first the standard CMSSM (or MSUGRA) picture. In that case it is clear that with the assumption of a common scalar mass at gauge unification, β 
Moreover, and less obviously, β
ξ is in fact RG invariant; that is, using Eq. (6c) in Eq. (23) we find that Tr Yβ 
(similarly for h ijk ) and anomaly cancellation,
So for CMSSM boundary conditions, or indeed any boundary conditions such that Tr Ym 2 = 0 at gauge unification, then, in the one-loop approximation, ξ is zero at low energy if it is zero at gauge unification. (If we go beyond one loop then a non-zero but quite small ξ will be generated.)
We turn now to the AM scenario. Substituting Eq. (19) in Eq. (14) and Eq. (15) we find that up to two loops we can write
and since gauge invariance and anomaly cancellation combined with Eqs. (3b) and (5) yield [25] Tr[Yγ
this reduces to 16π
Thus in the absence of the Y ′ term (i.e. with the unmodified mass solution of Eq. (16c)) an appreciable U SM 1 FI term will not be generated by the running, and Eq. (16c) will therefore be RG invariant. This was the conclusion of Ref. [27] .
Using Eq. (19) however, we obtain Eq. (28), which is non-vanishing even at leading order unless we choose the charges Y ′ so that
This was in fact the choice made in Ref. [17] , the motive there being to suppress kinetic mixing between the U SM 1 and the U ′ 1 gauge bosons (in that paper we considered a U ′ 1 broken at rather lower energies). With such a U ′ 1 , the Y ′ charges L and e satisfy 3L + 7e = 0 (30) so they are opposite in sign. Consequently Eq. (19) alone would not suffice to escape the tachyonic slepton problem (if it held at low energy). In Ref. [17] it was shown, however, that replacing Eq. (19) by
(with Y ′ charges satisfying Eq. (30)) could do so. Now since we have shown above that an effective U SM 1 FI-term is in any event generated by RG running, it is not a priori obvious that having simply Eq. (19) at gauge unification even with a U ′ 1 with opposite L, e charges won't work; however we may expect that the U ′ 1 choice of Ref. [17] clearly will not do, precisely because of Eq. (29); the generated ξ for U SM 1 will be too small. We shall see that this is indeed the case.
One might hope that it would be possible to choose, for example,
; we shall see, however, that, with Eq. (19) , although the region of (e, L) parameter space corresponding to an acceptable supersymmetric spectrum does indeed include the possibility of L < 0, it permits neither Eq. (29) Let us now follow Ref. [23] by considering a theory with FI-type contributions associated with U ′ 1 , and compare the consequences of imposing Eq. (19) (and vanishing FI term for U SM 1 ) at (i) gauge unification (ii) a common SUSY scale, M SU SY . It should be clear from the above discussion that using the same values of (e, L) in the two cases will not give rise to the same spectrum, because imposing it at gauge unification (say) will give rise to a non-vanishing U SM 1 FI term at M SU SY , and corresponding contributions to the sparticle masses.
It is easy to see, however, that precisely the same spectrum consequent on a particular choice of (e, L) at at M X can be obtained by by using a different (e, L) pair at M SU SY (with in each case no U SM 1 FI term). This is simply because we can write
where 
FI term generated by the running into a redefinition of the charges (e, L).
Note that the above remarks strictly apply only if we evaluate the spectrum at a common mass scale, M SU SY . Since in Ref. [23] we systematically evaluated each sparticle pole mass at a renormalisation scale equal to the pole mass itself, small discrepancies were introduced. From now on we will always calculate spectra by running down from M X , inputting (e, L) (and zero for the U SM 1 FI term) there.
The MSSM and the sparticle spectrum
The MSSM is defined by the superpotential:
with soft breaking terms:
where in general Y t,b,τ and h t,b,τ are 3 × 3 matrices. We work throughout in the approximation that the Yukawa matrices are diagonal, and neglect the Yukawa couplings of the first two generations.
The anomalous dimensions of the Higgses and 3rd generation matter fields are given (at one loop) by
where λ t,b,τ are the third generation Yukawa couplings. For the first two generations we use the same expressions but without the Yukawa contributions. The two and three loop results for the anomalous dimensions and the gauge β-functions may be found in Ref. [29] .
The soft scalar masses are given by
(with similar expressions for the first two generations) where m 2 Q etc are the pure anomalymediation contributions, for example:
(here λ i includes all gauge and Yukawa couplings) and k ′ is the effective FI parameter.
The 3rd generation A-parameters are given by
and we set the corresponding first and second generation quantities to zero. The gaugino masses are given by
The manner in which the scale of the effective FI parameter contributions k ′ L etc. to the sparticle masses can naturally be of the same order as the anomaly mediation contributions when a U ′ 1 is broken at high energies is explained in Ref. [23] and Ref. [24] . Clearly these FI contributions depend on two parameters, Lk ′ and ek ′ . For notational simplicity we will set k ′ = 1(TeV) 2 from now on.
We begin by choosing input values for m 0 , tan β, L, e and signµ at M X and then we calculate the appropriate dimensionless coupling input values at the scale M Z by an iterative procedure involving the sparticle spectrum, and the loop corrections to α 1···3 , m t , m b and m τ , as described in Ref. [30] . We define gauge unification by the meeting point of α 1 and α 2 . For the top quark pole mass we use m t = 170.9GeV.
We then determine a given sparticle pole mass by running the dimensionless couplings up to a certain scale chosen (by iteration) to be equal to the pole mass itself, and then using Eqs. (37), (38) , (39) and including full one-loop corrections from Ref. [30] , and two-loop corrections to the top quark mass [31] .
As in Ref. [32] , we have compared the effect of using one, two and three-loop anomalous dimensions and β-functions in the calculations. Note that when doing the three-loop calculation, we use in Eq. (37), for example, the three loop approximation for both β i and γ Q , thus including some higher order effects. The allowed region in (e, L) space for µ > 0 and m 0 = 40TeV corresponding to an acceptable vacuum is shown in Fig. 1 . To define the allowed region, we have imposed mτ > 82GeV, mν τ > 49GeV and m A > 90GeV. The region is to a good approximation triangular, with one side of the triangle corresponding to m A becoming too light (and quickly imaginary just beyond the boundary, with breakdown of the electroweak vacuum) and the other two sides to one of the sleptons (usually a stau) becoming too light.
Note that as we remarked earlier, the allowed region includes parts with L < 0. To understand this, consider, for example, the point (e, L) = (0. 35 
This is positive so from Eq. (28) we see that β ξ for the U SM 1 FI term is positive at M X . Since we are running down from M X it follows that a negative ξ SM is generated, and hence a positive contribution to m 2 L , since the U SM 1 charge of the lepton doublet is negative. Evidently the same reasoning means that we cannot have e < 0 at M X , as we indeed see to be the case.
Although L < 0 is allowed, it is easily seen that we cannot, as we mentioned earlier, have either L + e = 0 (corresponding to U As an example of an acceptable spectrum, we give in Table 2 the results for m 0 = 40TeV, tan β = 10, L = 0, e = 1/4, signµ = + as derived using the one, two and three loop approximations for the anomalous dimensions and β-functions.
This point in (e, L) space is near the centre of the allowed region (see Fig. 1 ). As explained in the previous section, the same spectrum would be obtained to a good approximation by inputting parameters and calculating pole masses at M Z with a different pair of (e, L) values, in this case (e, L) ≈ (0.06, 0.09). This point is near the centre of the allowed region in Fig. 1 of Ref. [23] . In Table 2 , however, we give the masses with each calculated at a scale equal to its pole mass. Therefore as explained before, this means the whole spectrum corresponds to choosing the FI U SM 1 term to be zero at M Z , but to a set of (e, L) close to but each differing slightly from (0.06, 0.09).
For the choice of parameters leading to Table 2 , we find that µ ∼ 576GeV and B ∼ (140GeV) 2 , leading to κ ∼ 0.008. We see that, aside from the little hierarchy problem associated with the fact that µ >> M Z , we have the problem of accounting for the small value of κ, and a degree of fine tuning between the two terms in Eq. (16d). As in Ref. [23] we find that to obtain a sufficiently high light CP-even Higgs mass, m h and an electroweak vacuum we need to have 25 > ∼ tan β > ∼ 8.
For discussion of AM characteristic phenomenology the reader is referred to Refs. [1] - [24] , and in particular Ref. [4] .
U 1 and GUTs
In the previous sections we have been assuming that our theory has gauge group G SM ⊗U ′ 1 , broken to G SM at high energies. Let us now ask what modifications ensue if we ask for compatibility with a simple GUT embedding; for definiteness let us take SU 5 , and imagine that our matter fields form a set of n f (5 + 10) multiplets as usual, and promote our Higgs multiplets to n h sets of (5 + 5). Then for compatibility with an SU 5 ⊗ U ′ 1 embedding we at once have the relations
and for U ′ 1 invariance of the Yukawa terms
Then the
anomalies are all proportional to the quantity
while the (
anomaly vanishes. The (U ′ 1 ) 3 anomaly is proportional to
while the U ′ 1 − gravitational anomaly is proportional to
Thus if L + 3e = 0 then the G SM ⊗ U ′ 1 theory is anomaly-free for arbitrary n f , n h . This special case corresponds in fact to compatibility with the embedding SO 10 ⊃ SU 5 ⊗ U ′ 1 with each set we argued in Section 3 that this does not preclude starting from M X with an FI term for such a U ′ 1 , but we shall see that the line L + 3e = 0 does not cross the allowed (e, L) region for our class of models. The other way to produce an anomaly-free theory is to first set n h = n f . Then A 1 = 0 while for A 3 and A G we have
so that we can obtain an anomaly-free theory by adding a further set of n f G SM -singlet fields N , with charges L + 3e. The resulting charge assignments are shown in Table 3 .
This structure is compatible with SU 5 ⊗ U ′ 1 , and can be embedded in E 6 , when Table 3 forms a 27. (Recall that E 6 also has only anomaly-free representations). If L = e we could have E 6 ⊃ SO 10 ⊗ U ′ 1 , (with Table 3 forming a 16 ⊕ 10 ⊕ 1 of SO 10 ), or, as explained above, for L = −3e we could have SO 10 ⊃ SU 5 ⊗ U ′ 1 . Another possibility is to have L = 2e, in order that ν c have zero U ′ 1 charge [33] ; evidently this would have model-building advantages if one wants to have a large mass for ν c while breaking U ′ 1 at lower energy. Of course one sees easily that the cases L = −3e and L = 2e are equivalent from a group theoretic point of view under the exchanges N ↔ ν c and 5 ↔ H; obviously in the latter case we could have an anomaly-free theory with n f sets of (10, H , N ) and n h sets of (H, 5).
Let us now suppose that, whatever the nature of the underlying theory, below gauge unification we have the usual MSSM effective field theory, with three generations and a single pair of Higgs doublets (of course an explicit construction may lead to a more exotic low energy theory, but here we will confine ourselves to this possibility). We also assume FI contributions to the sparticle masses corresponding to our new U ′ 1 , thus instead of Eq. (36) we have:
where m 2 Q etc are again the pure anomaly-mediation contributions, and once again we set k ′ = 1. We can then compare the predicted sparticle spectrum with that obtained in the last section. We may expect there to be differences, since evidently if we have both (e, L) > 0 it is now the case that both squarks and sleptons will have positive (mass) 2 contributions. We calculate the spectrum as described in the previous section, running down from M X ; of course RG invariance of the AM masses no longer holds because the effective field theory is no longer anomaly-free with respect to the U ′ 1 . The allowed (e, L) region with our new charge assignments is shown in Fig. 2 . Comparing with Fig. 1 , we see that the most dramatic difference is that increasing (e, L) does not lead to loss of the electroweak vacuum as long as L < ∼ e + 0.4. Of course increasing (e, L) scales up the squark and slepton masses, |m H 2 1,2 | and hence the (Higgs) µ-parameter, thus increasing the fine-tuning known as the little hierarchy problem. Other scenarios explored recently have also had this feature, for example split supersymmetry [34] , and the G 2 based model of Ref. [35] . For a recent discussion of the little hierarchy problem see (for example) Ref. [36] .
Another distinctive feature of the new charge assignment is that acceptable spectra are obtained with larger values of tan β than in section 4; here we find an upper limit of tan β = 43.
In Table 4 we give results for the sparticle spectrum for a representative point in the allowed region. Of course L = 1/3 and e = 1/2 represent significant contributions to the squark squared masses, which are in any case already positive in AM, so it is not surprising that these masses are quite large for this point. Correspondingly the value of µ determined from electroweak minimisation is quite high at around 1TeV.
Both L = e (corresponding to a potential SO 10 ⊗ U ′ 1 embedding) and L = 2e (corresponding we derived [17, 23] , with the original charge assignments of Section 4: 
Although these sum rules are derived using the tree results for the various masses they hold reasonably well for the physical masses. The numerical coefficients on the RHS of Eq. (48) are in fact slowly varying functions of tan β; the above results correspond to tan β = 15.
Conclusions
The AM scenario is an attractive alternative to (and distinguishable from) the CMSSM. With AM it is possible to imagine a theory where the only explicit scale in the effective field theory is the gravitino mass. An explicit realisation of this idea was given in Ref. [24] , where the scale corresponding to the spontaneous breaking of an additional U ′ 1 symmetry (needed to solve the tachyonic slepton problem) was generated by dimensional transmutation. (This theory had the additional feature of a weakly coupled chiral matter multiplet whose fermionic component is a dark matter candidate). There is no obstacle in principle to extending this idea to a Grand Unified Theory, with the unification scale similarly generated by dimensional transmutation; this idea led us to consider the alternative charge assignments of section 5. One possibility would be a variation of the inverted hierarchy model of Witten [37] , defined by the superpotential
where A, Y are SU 5 adjoints and X is a singlet. In its original form, supersymmetry is broken spontaneously in the O'Raifertaigh manner; moreover SU 5 is broken to SU 3 ⊗SU 2 ⊗U 1 , with the scale at which this occurs being unrelated to m 2 , and generated by dimensional transmutation. Our variation would be to have m 2 = 0 in Eq. (49), with the SU 5 breaking generated in similar fashion 2 but the supersymmetry breaking provided instead by anomaly mediation. We will explore this model in more detail elsewhere.
We have shown that while a U ′ 1 gauge symmetry broken at high energies can lead in a natural way to the FI-solution to the AM tachyonic slepton problem, care must be taken with regard to the FI term associated with U SM
1
. We have also shown how an extension of the minimal model permits a gauged U ′ 1 compatible with grand unification, with, in this case, sparticle spectra characterised by both heavy squarks and heavy sleptons.
2 A discussion of the m 2 → 0 limit of Witten's model appears in Ref. [38] .
